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[APPENDIX A] Brans-Dicke theory Formula  (Revew »f Broans -Dicke Poger

1461 )
The  grawiatio nod  Cersfount G is velated L Hae  wage
dsteibution  Tn o oidbrw expording  wiverse |
GW /R A~ (A
The acton priveiple Tu Brang— Dicke theory |
0= J‘S [ $R « (lev /ety L ~wid, 4>’;7/4>>j (_9)"20(41 (A.2)

The e 37_W°we"‘{'“""‘ tensor D-ﬁ wodle,.  paust  have a Vo\vﬁs(,‘;ma

Covionat vergence
- (A.3)
T9 .. =0
33
T:‘} = EZ/(“j)Vz] { Q/Qg-ﬁ )[_(-5)"2 L] (A <)

The  wave qu,\(x&—?om "DDV‘ c# s obtelned L){ V“Y;/:Vlj 4 Aot

b, Tn efuatiown (A2)

64

Bracket [ 1 Tn (A2) = L = CéER & it L - w(c1>,54>'3/4>>3@
{/(e?mj Eder — Lmﬂkam‘?e_ @1(,\0\‘%'&:\/\ , 95 (%Li—b - ‘_9..‘1._“ - o

% ’
LN SRS NI
36 ° LREwWCead” /625707
_%F— g u‘ — M
ok %5—;_ (,67) 2w =g,
94}’1 \—’:ﬁ/—‘/ ¥
RS IR TS POA IR NS L I g
=5 e, + 976, =29 4.
= - zj—dJ:{)T W




oL & .
9 (3¢,) * P (‘2:5;) S o (T2wIg gt 4, /e)
\,—\(-—:'

s 2 (T ety v g et 2]
N

¥
= J{-30¢ 5 3%

i

2w [T Oé/d Ty 47 (<474 ]

pahi BT S PRI
&

R S O AN £ 2W I b, &
ah(a%) - P D% &* "¢, - FIR - Wy )
T =
- 0k -VmR T 4Tk,

& &

DT\RJ,W\S by *J:j 5
2w Od - (Wi HETh, v R = o (4.5
(A.6)

04 = & = o)t L (ptEt],



To oot e Leld  equation Lo ttee Brans — Dicke theory

v
we vary He Brans— Dicke action (A 2) Witk respect  de weetvic j.ﬂ

( APPENDIX A —1 1 Deavaro rn

Im ovrdev ‘o wse Pre\/?oms Ca\\ cula+Ton

of Binetein emwd—zow), we rewerite the petion ch.2) e -Q,[lowg\‘

& = fﬂz@ ];ctR - —@M dud e T + L0, (4.3)

o (é“w

We oy the action Tn the Same wWay o% done i APPENDILIX A*/l/

He oK \Cazrev\ce pccrs  of  the variotion o_e Ricet sealav .
W 4 M2 F 3
(R = /V'Vé"ﬂ (ﬂy {r o ‘j gr‘yy\) CA-1, 13

In @GR, *he setordd termn 15 2evo  dpe Yo Shocke's “heorew~ bt

in Brang — Dicke ackion W 15 hou- Rero bgcovse ol ¢ whiclk  Ts

howl {-'Tp(:eé W Buctewn - Hilbert  feown

Thing

R (A -1

E—‘m) = K :
J

5 wo longer walid .

¥

1 é
e we lhave o calaulate (,j é‘l—r _ 3}* [r foﬂ )

— 3
Le+'5 start -Erow T variaxown of Jc’v‘\e C\nv‘-C;[-uCCe,\ SY i sl , gl o

N N
[ —‘2 9 (3Mjpy + 2, 9p. — 299 u) (A.8)

A

A A
JFN = 1459 (9090 v v I2n = ) + 4 9 " a $900 L9 - %d9,)
(A.9)
We express  he .Po\\r‘{{c\f olertvo\ﬁvef:zL m the sond term , ih tormg of
Co Vo et devivative s .
4 ¢ '

Vi Jﬂﬂfy = amgjj’l) - fcpg;y = /"J"‘Paﬁ‘ s

_> a,k‘P @jy- = vqurj_Py & AP £jé}' + ﬂ,)fafd



?/ﬂyc{){ﬁi\y:.’_

Y . . et
We Substtite thig Lon e Sewnd Yeruna (A.9) en

$0%, = 4097 08, + 2% - 2,8

X

,; |
+%_‘Jf(7ﬂf9f/ NP +Pj-v“rﬁf’é

— 4 v 2

4

- Ufﬁﬁm) ~(—‘M<§?3_V “rjygﬂ,'»‘é)

4 3
becoanse of Sy mmetiy r}, e ¥

i A
B E‘(‘? F ( aﬂﬁfy 5 9»3)% - 9f9,/)

- g ‘
r9¥ rt g P T el
, %
:"Xjaig J ﬁfo\ﬁ.;(z ]—r/fy thecage  of Qf},m) =" Int Jra CPj i )
=[ N

= )\F 2 ol | { p
CIT 05T 0 B, T s Y (g, < u s vy )

I
w= 30 (%l <089, —v.0g,,) A1)

i =

X
2

AP ‘
297 L0 9,90, £9%) ¢ G340 93p 39 ) =T €900 925497 ]

-3 (9 U d9™ « g T4 = e 9, VL9 ) A v2)

Twplieg

My
Zj ( gyd V/‘ (Pjols 1 ﬁﬁd‘vy ((130(3 -

- old %4 =
pRR YK RS SA AR SRS LA A
e o o

oA

d \
S J’d * %fg vgﬁpﬁup ( As)



1é ¥ { Y o
JA o =59 (J w8979, W 07~ 9, 9, VI 0 9%¢)
v
vl

7Y MR
- ¢
_ :
RS ORI P S WCT
(P=4)
:“lz'ﬂap v? {97 (A @)
Thes  we Loally gt
= % r Vi
=Rl 9™ 27, (0% - 97 02y
ZR,ng”V+VJ ( -v J’Q")_Pi 40 x vﬁf‘*’
o 99 > 30@‘7 gt = zﬂo@ g* )
B wo 2 )
S Rwdd - V.9 8" 9,0 97 (A .s)
had oo APPENDIK A-1 (I6)  we lpow
J‘JTS = ‘_—12 9 ﬂ,«y Igﬁ’} (.A“l . 6]
Then
$8h ~ o d% 07 [ 4k -5 97 0. 92,4]
vl (dh g [ g4k g o - 3(8)97 9,404 - g BgT 2424 ] 4TS,
U Vortien ol & ( W:(‘ohs{-) ( AJ@)
w.rt wekdic To)
(A15), (A=L16) o
f. 2% M MV
T 7:::« Jdt&@”ﬂmw[#& f% g€ 8,428 89" « Jo' 29" 49

+ TE,LT_\'- &\‘HZ\FE [(‘-’P R =~ Vb ©9,, Vi)~ %JE 9"4:3”4)] ‘!\jjﬂ) (4.1,

_ 0o J- W g S
—SO‘I—[‘%Z?T j,u’(‘bﬁ‘j{;jpc}db%a%)i— ED)‘”
N v
R A U 2 X 22 N Py

= Ekmdq&j =0

i we
Q



16T
We ‘mm[-i-zpf;/ (‘b\r:ﬁ-) 4 He Lm.cke{- .

!

‘ W« L Sk
0=~ 3 J,,R & "g % Quy I 90145’95? Jr(‘i’«Fﬁ)([’f)’")
\,__\r———’
= Dud @ r{b
Y + Qup Vb W
+ Eﬂ\}) + JJP s - ¢-2 aﬂd;aycb

¢

bt IS W ~iq, 3d>;)"*4>]
Rauv =3 oy R = - 35 T * ?[may% > o O

—i‘-{;r_vﬂvvt}g "flwv?-‘#] ( Aa)
- §5u
U‘\V‘ TM = -___2__-. -,
o ’ €5 &’
) A7, Wb -9, 7 4
G TU T 25,494 -1 G P2 PR SAAL b P g
»= o »¥ d?z (A.Zo)

<y The Brows — Picke Fet equation  n the  origiral  peper- L1
Ry~ 3 95R = (8wd™ /ct) To + Cu/d®y (¢, &, —2 Tk
] 2 JG = < 3 [&7) C 2, ] 2 9'-5 d{;,k ¢ )

NI - 9, 04 )

——_—
!

where  Dd= ¢l = -9yt Loy 7T,



[APPENDIX A-1]

Derivation of Einstein equation

We start from the action which is the sum of the Einstein-Hilbert term and a matter term.
We use the metric signature (—,+, +, +}.

5= f [ﬁR + LM] V=gd'z . (1)

According to the actlon principle, the variation of an action with respect to g*” is zero.
For a function J[f] = f Liz, f(z), f'(z)]dz, the functional (variational) derivative of J is

= [} 3250 (x)dw:
0 = §guwS (2)
_ 1 6(V_gR) d(V"g'CM') g 34
= f [16«(} g T g | 0970
B 1 (6R R 8(/=9) U S(v=9Lw)] < o —
-/ [wwc (agﬂv* N R A R

As it is valid for any variation dg#*, the square bracket has to vanish. Thus we obtain the
following equation of motion

JR R §/=g Lot 6(+/~9La1)

= —167C _ . 3
AN N R T @)
We define the right hand side of the equation as an energy momentum tensor T},
—2 4 V=9l
Ty == — ( S ) (4)
v—g g

From this equation of motion we derive the Einstein’s field equation. To do that we need

to know what ¢R and 4./—g arc. We start with the Riemann tensor in order to calculate
5R.

The Riemann tensor is defined by

qu'é = Fgénr - Fg'w,é + F Fﬁ? Pﬁv ué (5)
Then,

oRE

o

= 0,017, — 0,61, + 84,1}, + [0, 6Tp, — 674, T, — T2 4T . (6)

And the variation 6%, is the difference of two connections, therefore it is itself a tensor.
Thus its covariant derivative is given by

V.ll(él—‘ﬁa aﬂ((srﬁa) + Pi,u,al—‘irr - F3u5r - FA 6P£A7 (7)

1



Vu(0T%,) = 6,(6T%,) +T%,0T%, — T2, dT%, — 3,81 ®)

ne e fig

From this expression we can directly read off

0RG = V(b)) — Vo (6Ty,). (9)
Since the Ricci tensor is defined by R, = R, taking p = p at (9), we will get

0Rg, =V, (0T0,) — V., (61, ). (10)
Replacing in the first term o — u, in the second term p — g,

6 Ry = V,(619,) — V,(8T% ). (11}
The Ricci scalar is defined by R = g"“R,,,, then

SR = Ru8g™ + ¢"8R,, (12)
= Ry g™ + V,g"6T%, — V,g*6T%,

pv

Replacing in the second term p — o, in the third term v — o,
OR = Ry b6g" + V,(g" 'y, — g"dl"h ). (13)

The second term of the right hand side is a total derivative, and thus, according to Stoke's
theorem, it can be expressed as boundary term by integral. As we assume the variation of
the metric d¢g*¥ vanishes at infinity, this term does not contribute to the variation of the
action. Therefore, we get the following expression

O0R
5_91!-5_" = R.m,. (14)

Now we consider é,/—g. Since dg = ddet(g,.), according to Jacobi’s formulal, it can
be rewritten as gg*“dgu,. Then it follows

575 = 6~} = ~3 (o)

1. 1 wrs. 1 v
57509 = —ﬁ(*(\/*_g)z)g 8 = 5\/—_52(195) 3 Gu)-

Since g™ g, is unity, 6(g*“g,..) = 0, it follows that g,.0¢" = —g"8g,. and

B

dg = —

1 v v
§v/—g= —§x/—g(guuég“ ),

1The Jaeobi's formula is a rule for differentiating a determinant. If a matrix A is invertible for all ¢,
then $detA(t) = detA{t)tr (A(t) LA(R).




1 46/~ 1
- Y 9_ 1., (16)
"The left hand side of the equation of motion (3) finally becomes Ry, — 39, R so that the
equation of motion takes the form of Einstein’s field equation

Ry — %gw,R — 8%GT. (17)



[APPENDIX B] Derivation of Gravitational constant G
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[APPENDIX C] Brans-Dicke scalar field ¢ and Causality
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